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Let G be a group and let CC(G) be the set of all centralizers of subgroups of G. 
For U, 17 E E(G), we let U n ?’ be the intersection of U and V as usual, but 
define U u T/’ = n {X 1 11, V < X E C(G)>. With these operations, C(G) 
is a complete lattice which we call the centralizer lattice of G [2]. In this note, 
we characterize PSL(2,p”), p a prime, by the structure of its centralizer 
lattice. 
THEOREM. If G is ajnitegroup with Z(G) = 1 and B(G) 11 E(PSL(2, p”)), 
p a prime, TZ > 1, then G E PSL(2, p”). 
Since for 12 > 2, the dihedral group of order 2”+2(2n + 1) and PSL(52”) 
have isomorphic centralizer lattices [2], we cannot replace the hypothesis 
Z(G) = 1 by the weaker assumption that G has no Abelian direct factors. 
We leave the question open whether this is also true in the casep odd, p” > 7. 
All groups considered in this paper are finite, the notation is standard [ 1,2]. 
1. PROOF OF THE THEOREM IN THE CASES p = 2,~” = 3, AND pm = 5 
We say that X is an d&‘(K)-group (or simply X E A(K)), if CC(X) contains 
exactly K elements different from X and Z(X) and any two of these intersect 
in Z(X). The nontrivial centralizers of PSL(2, 2”) = SL(2,2”), n > 2, 
are the Sylow 2-subgroups and the maximal cyclic subgroups of SL(2,29 
[I, pp. 191-1931 or [2, Lemma 5.31. These 2zn + 2” + 1 subgroups form a 
partition of SL(2, 2n), hence SL(2,29 EA’(~~~ + 2” + 1). d(k)-groups 
have been classified in [2]. For the convenience of the reader, we restate the 
main result of [2] (Satz 5.9 and 5.12), which will also be used in the casep f  2, 
in the following 
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LEMMA 1. Let G E A’(k) for some k. Set 2 = Z(G). Tken one of the 
folhx#i?lg holds: 
(I .l) G/Z z PSL(2, 4”“) or PGL(2, qm), G’ Y SL(2, qipij, and 
k = q”‘” + q”’ + 1, q a prime, m 3 1. 
(1.2) G/Z N_ PSL(2,9) or PGL(2, 9), G ’ is the maximal coverizg group 
[l, p. 6301 of PSL(2, 9), and k = 121. 
(1.3) G contains an Abelian normal subgroup N of prime index q, and 
K-lIV:Z/fl. 
(1.4) G/Z is a Frobenius group .with complement K/Z and kernel F/Z, 
where K and F aFe Abelian, and k = 1 F : Z 1 + 1. 
(1.5) G/Z is a Frobenius group with complement K/Z and kernel F/Z, 
where K is Abelian, Z(F) = Z, F/Z is a q-group, q a prime, and F E Al(k’) with 
k = k’t- ;F:Z!. 
(1.6) G/Z N S, (symmetric group on -four letters), and E’ is non-Abelian, 
where I,7jZ is the normal subgroup of order 4 in G/Z, here k = 13. 
(1.7) G/Z is a q-group, q a prime, and k = l(q). 
The Theorem in the casesp = 2, pn = 3, and pa = 5 is an easy consequence 
of Lemma 1. Let G be a group with Z(G) = 1 and Q(G) E E(PSL(2,2”)). 
First assume n > 2. Then G E ,&(2”” + 2” + 1) and hence one of (1 .l)-( 1.7) 
occurs for G. Since Z(G) = 1, (1.2) and (1.5)-( 1.7) are impossible. 
Suppose (1.4) holds. Then 1 F / = 2”” + 2n = 2”(2” -+ 1) and, therefore, 
F = FI x Fz , where / FI \ = 2” and / Fz 1 = 2” + 1. Since FI and F, are 
characteristic subgroups of F, F,K and F,K are Frobenius groups. By 
[I, Satz 8.3, p. 4971, j K 1 divides 1 FI j - 1 = 2’” -- 1 and / Fz / - 1 = 2”. 
This implies K = 1, a contradiction. Hence (1.4) cannot occur. 
Suppose (1.3) holds and let K be a maximal Abelian subgroup of G different 
from IV. Since K n N = Z(G) = 1 and C,(x) = IV for every 1 f  N E hTT 
we conclude that G = IVK is a Frobenius group with Abelian kernel N and 
complement K. This is impossible by what we have just shown. 
The only remaining possibility is that (1.1) holds. Here 2”‘% + 2” -+ 1 = 
qzm + q” + 1, and, therefore, 2” = q”. Since Z(G) = 1, G 3i PSL(2, 2n) 
as required. 
Now let a(G) ill (s(PSL(2, 2)). Since PSL(2,2) is the non-Abelian group 
of order 6, we have G E d(4). Hence again one of (l.l)-(1.7) holds for G. 
Since k = 4 and Z(G) = 1, (l.l), (1.2), (1.5)-(1.7) are impossible for G, 
and (1.3) again implies (1.4). So we may assume that (1.4) holds. But in this 
case, G is a Frobenius group with kernel of order 3, so G ‘v PSL(2,2). 
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If Q(G) N B(PSL(2, 3)), then G ~&!(5) and again we may assume that 
(1.4) holds for G. Now the Frobenius kernel of G has order 4, and so 
G N PSL(2,3). 
Finally, since PSL(2, 5) N PSL(2,4), the Theorem is proved for p” = 5, 
too. 
2. PROPERTIES OF PsL(2,p"),p oDD,~" 3 7 
In this section we list the properties of PSL(2, p”) which we shall need in 
the proof of the Theorem. Set 4s = pv + 1 or 4s = pn - 1 when p” = - l(4) 
orpn = 1 (4), respectively. 
LEMMA 2. a) There are two types of maximal centralizes in L = PSL(2, p”), 
p odd, p” > 7: 
I. (2s f 1) pn + 1 maximal Abelian subgroups of L, 
II. (p* + 1) p”(p” - l)/Ss dihedral groups of order 4s, these are 
M(s + 1)-groups. 
b) Let A, B and A[, N be distinct maximal ceztralizus of type I and II, 
respectively. Then 4 n B = A r\ AT = 1 and ACr n N is elementary Abelian 
of order dividing 4. 
Proof. a) For every subgroup U of L we have C,(U) = &., C,(X). 
Every maximal centralizer of L is, therefore, centralizer of an element of L. 
The proper centralizers of elements of L are the p” + 1 Sylow p-subgroups, 
p”(p’” + I)/2 cyclic subgroups of order (p” - 1)/2, p”(p” - 1)/2 cyclic 
subgroups of order (p” + 1)/2, and (p” + I)&P - 1)/8s dihedral sub- 
groups of order 4s [I, pp. 191-1931 or [2, (5.3.2)]. The dihedral groups are 
certainly maximal centralizers, and they are &(s + 1)-groups by [2, Satz 5.121. 
If  4s = pn + 1, then the cyclic groups of order (p” + 1)/2 are not maximal 
centralizers, and so L has p” -t 1 + p”(p” + 1)/2 = (2s + 1) p” + 1 
maximal Abelian subgroups which are maximal centralizers. If  4s = prL - 1, 
then, similarly, L has p” + 1 + p”(p” - 1)/2 = (2s + 1) p” + 1 maximal 
centralizers of type I. 
b) A and B are components of a partition ofL [l, Satz 8.5, p. 1931, hence 
A n B = 1. Since 1 A / is odd, -4 n M is contained in the cyclic normal 
subgroup H of index 2 in A&. But A n H = 1, as both are components of a 
partition of L. Finally, if K is the cyclic normal subgroup of index 2 in N, 
H n (&Z n N) and K n (Al n N) are normal of index < 2 in M n N. Since 
H n K = 1, M n N is elementary of order dividing 4. 
LEMMA 3. If M and N are maximal centralizers of type II of L = PSL(2, p”), 
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p odd, p” ‘3 7, then there exist maximal centralizers MO , nfI ,..., 112,. of type II 
in L such that fill, = h4, hd, = N, and 1 Mi I? Mu+, 1 = 4 for i = 0,. .., Y - 3 = 
Proof. The maximal centralizers of type II are the centralizers of the 
involutions in L. Hence the assertion of the Lemma is equivalent to the 
following statement: 
(*:) For any two involutions s andy inL there exist involutions s0 , ‘T? ,..., X, 
in L such that ~a = X, xr = y, and xixi+r = ~~+rn~‘; for Z = CI ,..., I’ - I. 
Let 3 be the set of involutions of L. For X, y  E 3, we write I y  y  whenever 
the condition (*) is satisfied for x and y. Clearly, h is an equivalence relation 
on 3 and L operates by conjugation as a permutation group on the set 52 of 
equivalence classes of N. We denote the ,-,-class of x E 3 by Lcx]. Since all 
involutions in L are conjugate, G is transitive on A. Hence 1 = i[;v]l is inde- 
pendent of x E 3, and / 3 / = ht, where k = / S% \. To prove (*) we show 
that k = 1. The centralizer C,(X) is a dihedral group of order 4s and contains 
2s + 1 elements of [x]. Since we assume p” 2 7, there is an involution in [x] 
which is not in C,(X). Hence t 3 2(s + 1). From Lemma 2 we get i 3 1 = 
(p” + l)p”(p” - l)/Ss, thus 
(P” + 1>P”(P” - 1) < p” 
16s(s + 1) 
By [I, Satz 8.28, p. 2141, k = 1, except in the casep’; = 9. But here 1 3 ! = 45 
and CL(x) is dihedral of order 8. If  z f  x is an involution in CL(x), then 
C,(Z) and C,(XZ) contain 4 further elements of [x]. Hence t 3 9, k < 5, 
and so k = 1 also in this case. 
~EXahrA 4. (a) There are three types of maximal Abelian subgroups in 
L = PSL.(2, p”), p odd, p” > 7: 
I. (2s + l)pn + 1 maximal centralizers; 
II. (p” f  l)p”(p’” - 1)/S s maximal cyclic subgroups ojt‘ L, each of 
which is corxtained in exactly one maximal centralixer; 
III. (p’” + 1) p”( pl” - 1)/24 e ementary 1 Sbelian groups of order 4, each 
of z~hich is contained in exactly three maximal centralizers. 
(b) Let A, B and C, D be distinct maximal Abelian subgroups of type II and 
III, respectively, and let M be the maximal centralizer of L containing B. Then 
AnB=larzd~Anh/I/,/AnC/,aru/CnDidivide2. 
Proof. (a) Every maximal Abelian subgroup ofL is contained in a maximal 
centralizer. So the main part of (a) is an immediate consequence of Lemma 2. 
The number of elementary subgroups of order 4 in L is ) L l/l2 [l, Hilfssatz 
8.16, p. 2001. Each elementary subgroup of order 4 contains three minimal 
centralizers and is, therefore, contained in three maximal centralizers since 
it is invariant under the duality X + C,(X) of E(L). 
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(b) Since 4 and B are components of a partition of L, A n B = 1. 
Furthermore, j A n M 1 < 2, because 1 M : B 1 = 2. Since 1 C 1 = 4, 
1 B n C j and 1 C n D 1 divide 2. 
3. PROOF OF THE THEOREM IN THE CASE p ODD,P?& > 7 
Let G be a group such that E(G) -N K(L), L = PSL(2, pn), p odd, pn > 7, 
and let e be an isomorphism of K(G) onto C(L). A maximal centralizer of G 
is called of type K if its image under e is of type K (see Lemma 2). This is a 
valid definition since we can recognize the type of a maximal centralizer in 
the lattice C(L). 
Our aim is to determine the structure of a maximal centralizer of type II 
in G as far as necessary in order to reconstruct in G the partition of L men- 
tioned in Section 2. Having done this, we can apply a theorem of Suzuki [3] 
and easily conclude that G N PSL(2, p”). 
So let ill be a maximal centralizer of G of type II. By [2, (2.3) and (2.10)], 
Z(M) is a minimal centralizer of G contained in M and the interval [M/Z(M)] 
is isomorphic to C(M). If Z(M”) # Z(M”), then CC(M) would be a chain 
which is impossible [2, (3.1)]. So Z(Mp = Z(M”), and hence 
E(M) N [M/Z(M)] N [M”/Z(Mp] = [M”/Z(Mu)] N Cr(M”). 
Lemma 2 implies 
(3.1) If M is a lnaxi~nal centralizer of G of type II, then ME JY(S + 1). 
Let H be the subgroup of M for which H” is the maximal Abelian subgroup 
of type II of L contained in Mu (again note that we can recognize maximal 
Abelian subgroups of L and their types in C(L)). Obviously, H is a maximal 
Abelian subgroup of G (we call H of type II). Since M is the only maximal 
centralizer of G containing H, N,(H) < No(M); since His the only maximal 
Abelian subgroup of ill containing only one minimal centralizer of G, 
N&M) < N,(H). Hence, 
(3.2) Let M be a maximal centralizer of type II of G and let H be the maximal 
Abelian subgroup of type II contained in M. Then No(H) = No(M). 
We are now able to show the following: 
(3.3) Let M be a maximal centralize-r of type II of G and let H be the nlaximal 
Abelian subgroup of type II contained in A[. Then Mze of the following holds: 
(3.3a) M/Z(M) is a q-group, q a prime dividing s; 
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(3.3b) [ M : H \ = r, Y a prime, and 1 H : Z(M)\ = s; 
(3.3~) M/Z(M) - F b ih a YO enius group with kernel H/Z(M), i H : Z(M)1 = s, 
and K is Ahelian for every Frobenius complement K/Z; 
(3.3d) M/Z(M) is a Frobenius group zuith complement K/Z(M) and kernel 
F/Z(M), zohere K is Abeliun, H < F, Z(F) = Z(M), F/Z(M) is a t-group, 
t a prime dividing s, and F E A!(k’) zuith k’ + ! F : Z(M)1 = s + I. 
Proof. By (3.1), M is an &(s + l)-group. So one of properties (l.l)-(1.7) 
holds for Al. Since H is an Abelian normal subgroup of AP with H/Z(M) f  1, 
(l.l), (1.2)1 and (1.6) are impossible. 
If  M/Z(M) is a q-group, q a prime, i.e., if (1.7) holds, then s 1 1 = l(q). 
Thus, (3.3a) is satisfied. 
Suppose M satisfies (1.3), i.e., M contains an Abelian normal subgroup N 
of index T; 1’ a prime, and / N : Z(M)] $- 1 = s + 1. Certainly, N is a maximal 
Abelian subgroup of M. If  N f  H, then NH = M, N n H = Z(M), and 
hence M/Z(M) is Abelian. Since H is a maximal Abelian subgroup of M and 
1 H : z(M;!l = P, N/Z(M) is an r-group. So M/Z(M) is an r-group and (3.3a) 
holds. If  N = H, M satisfies (3.3b). 
Every Abelian normal subgroup of a Frobenius group is contained in the 
Frobenius kernel. Hence (1.4) implies (3.3~) for M, and (1.5) yields (3.3d); 
in fact, t divides s since k’ + 1 F : Z(M)1 = s + 1, k’ 2 l(t) by (l.?), and 
1 F : Z(M)1 = O(t). This completes the proof of (3.3). 
I f  Q is a Sylow subgroup of G, then Q < C,(Z(Q)) # G since Z(G) == 1. 
Hence we have shown that 
(3.4) Every Sylow subgroup of G is contained in a maximal centralizer of G. 
We want to show that (3.3d) cannot occur for a maximal centralizer M of 
type II. So assume there is a maximal centralizer M of type II of G satisfying 
(3.3d). I f  D is a maximal Abelian subgroup of type III contained in M, then 
D/Z(M) either is a Frobenius complement or is contained in the kernel 
F/Z(M). Since l!!! is generated by its maximal Abelian subgroups and since 
F # H, there is a maximal Abelian subgroup D, of type III contained in F 
and another D, , say, for which DJZ(M) is a complement. By Lemma 4, 
there are maximal centralizers M. z f  M of G such that Di < M’i (t’ = 1, 2). 
We want to show that both M, satisfy (3.3d) for certain primes ti . 
Since F/Z(M) = F/Z(F) is a t-group, F = F, x Ftt , where F, is a t-group 
and F,* a t’-group. In particular, t divides j Z(M)l. We have 
Z(M) ‘v Z(M) Z(Mj)/Z(Mj) < Dj/Z(Mi), 
and, therefore, t divides i D,/Z(M,)I for i = 1,2. 
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Suppose A& (i = 1 or 2) has property (3.3a). Since t divides / Di : Z(M~)i, 
MJZ(MJ is a t-group. Let T be a Sylow t-subgroup of G containing F, . 
M is the only maximal centralizer of G containing Ft (Lemma 2b) and, 
therefore, T < M by (3.4). Hence the Sylow t-subgroup S of n/l satisfies 
S < Tz < ICI” for some x E G. Again by Lemma 2b, A& is the only maximal 
centralizer of G containing S. This yields ilJi = lVP, a contradiction. 
Now assume Mi (i = 1 or 2) satisfies (3.3b). Then 1 Di : Z(fiir,)I = 
/ fi& : Hi j = r, r a prime, and [ &Ii : Di 1 = s. Since t divides 1 DB : Z(M&, 
r = t. Again, if T is a Sylow t-subgroup of G containing F, , T < M, and so 
S < T” < .&Ix for some x E G, if S is a Sylow t-subgroup of Mi containing 
the Sylow f-subgroup of Di . Since t divides s = 1 Mi : Di 1, S $ Di and 
so Mi is the only maximal centralizer of G containing S. We get the same 
contradiction My = ilP as before. 
Finally, suppose (3.3~) holds for AZ, (; = 1 or 2). Then MJZ(Mi) is 
a Frobenius group with kernel H,/Z(MJ, 1 Hi : Z(fi&)l = s, and D,/Z(n&) 
is a Frobenius complement. But this is impossible since t divides 1 Di : Z(MJj 
and s. We conclude that Mi satisfies (3.3d) for some prime ti (i = 1,2). 
Now consider Ml . We know that Mr/Z(M,) is a Frobenius group with 
kernel F,/Z(Ml) = F,/Z(F,), a tr-group. Since Z(MJ is isomorphic to a 
subgroup of F/Z(M) and since F/Z(IcI) is a t-group, Z(Ml) is a t-group and 
tl = t. It follows that Fl is a t-group. Since t divides ( D, : Z(Ml)l, Dl/Z(Ml) 
cannot be contained in a Frobenius complement of Mr/Z(M,). Hence 
D, < Fl , and so is a t-group. But this implies that Z(M) and hence F is a 
t-group, too. By (3.4), F and Fl are Sylow t-subgroups of G. Dl is properly 
contained in F and, therefore, we find an x E NF(D1) not contained in D, . 
Suppose Mrz = M1 . Then FIX = Fl and, therefore, x E Fl , since x is a 
t-element normalizing the Sylow t-subgroup Fl of G. Hence by Lemma 2, 
x E M n &I1 = D, which contradicts the choice of X. So Mrx # Mr . Clearly, 
h: has to permute the three maximal centralizers of G containing Dl and since 
112” = M, x interchanges the two maximal centralizers different from n/l. 
Hence 2 divides the order of x. Since x is a t-element, we get t = 2. 
M was an arbitrary maximal centralizer of type II satisfying (3.3d) for 
some prime t. Since Ma satisfies (3.3d) for t, , we have shown in particular 
that t, = 2 and Z(M,) is a 2-group. This implies that 2 divides 1 D, : Z(M)/, 
i.e., that 2 divides the order of the kernel and of a complement of the Frobenius 
group M/Z(M). This contradiction establishes 
(3.5) If M is a maximal centralizer of type II of G, then M satisfies (3.3a), 
(3.3b), or (3.3~). 
We want to show that all maximal centralizers of type II are conjugate in G. 
In view of Lemma 3, we have to show only that any two maximal centralizers 
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of type II intersecting in a maximal Abelian subgroup of type III are conjugate. 
So let M1 , Ma be maximal centralizers of type II such that D = M1 n J$ 
is a maximal Abelian subgroup of type III, let Hi be the maximal Abelian 
subgroup of type II of A& . 
Suppose first that Mr and n/r satisfy (3.3a), i.e., that Mi/Z(MJ is a q-group 
and A&/Z(M~) is an r-group, q and Y primes. Since Z(M1) is isomorphic to 
a subgroup of D/2(&&), Z(M1) is an r-group and, consequently, Y = q. 
By (3.4), Mr and Ma are Sylow q-subgroups of G and, therefore., conjugate 
in 6. 
Suppose next that M1 satisfies (3.3a) and Ms satisfies (3.3b) or (3.3~). 
Then 1 Hg : .Z(Mz)/ = s and Z(MJ is a q-group. If  Q is a Sylow q-subgroup 
of Mi , then Q is a Sylow q-subgroup of G and hence Q contains the Sylow 
q-subgroup of H, for some x E G. Since q divides s, Z(i&) < p n I-f, < 
MXz n H, . By Lemma 4b, MIS = Mz as desired. 
Finally, suppose A/r, and Ma each satisfy (3.3b) or (3.3~). Then 
1 Hi : Z(n/r,)i = s (i = 1,2). Let q be a prime dividing s, Qi a Sylow q-sub- 
group of G containing the Sylow q-subgroup of Hi , and Mi a maximal 
centralizer of G containing Qi . Since Qi n Hi $ Z(M,), iv< = Mi (i = 1 I 2), 
and hence Mz = Mr” if Q2 = Qrs. This completes the proof of 
(3.6) 811 maximal centralizers of type II are conjzlcgnte in G. 
Every Sylow subgroup of G is contained in a maximal centralizer of G. 
Since all maximal centralizers of type II are conjugate, Lemma 2b implies 
(3.7) L?uery maximal centralizer is a Hall subgroup o,f G. 
We want to show now that every maximal Abelian subgroup of type III 
of G is elementary Abelian of order 4 and that j G j = j PSL(2, p”)/. This 
will imply rather trivially that G has the desired partition. We fix the following 
notation. D is an arbitrary maximal Abelian subgroup of type III of G, 
ill, M1 , A& are the maximal centralizers (of type II) of G containing D, and 
H, HI, fl, denote the maximal Abelian subgroups of type II of Al, Mr f  
Ma , respectively. 
Suppose first that Msatisfies(3.3a), i.e.,that M/Z(M)is a q-group, q a prime, 
By (3.6) M,,‘Z(M,), and hence also Z(M), is a q-group. By (3.4) X, Mr , 
and Ma are Sylow q-subgroups of G. Let N = KM(D), then X > D. The 
group N operates on the two-element set (M, , A&) by conjugation. The 
kernel of this permutation representation is D = Ml fl N = AT2 ,? ?J> 
since M, fiTI , and filr, are Sylow q-subgroups of G. Hence j it; : D j = 2, 
thus q = 2. If  the class of A/r is 2, then D 4 A4 and hence j M : D j = 2. 
This holds also for any other maximal Abelian subgroup T of type III of JI, 
Since D n T = Z(M), I AT : Z(M)1 = 4, and hence / Ad : H / z= 2. If  the 
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class of M is not 2, then [2, Satz 5.151 yields the existence of an Abelian 
normal subgroup U of index 2 in M. If U $1 H, then M/Z(M) = 
U/Z(M) x H/Z(M) would be Abelian. Hence U = H and, therefore, 
( M : H ( = 2 also in this case. Since D/Z(M) and Z(M) E Z(JCr,) are iso- 
morphic to subgroups of M/H, we have j D j = 4. Furthermore, since His 
Abelian of index 2 in M. we get ME A!(/ H : Z(M)1 + 1). Hence 
1 H : Z(M)( = s and j M 1 = 4s. We have shown that 
(3.8) -rf M satisfies (3.3a), then 1 D J = 4 and j M j = 4s. 
We now consider the case where ill satisfies (3.3b). Here 1 M : H / = r, 
Y a prime, and ! H : Z(M)( = s. Since Z(MJ and D/Z(M) are isomorphic to 
subgroups of M/H, we see that / Z(M)1 = 1 2(&Q] = r = I D/Z(M)1 and 
) D J = r”. Consider first the case that r divides s. Here, if R is the Sylow 
r-subgroup of H, RD is the only Sylow r-subgroup of Ill containing D. 
Again let x E N&D) \ D. If Mr% = Ml , then x normalizes the only Sylow 
r-subgroup R, of Ml containing D which is impossible since RI is a Sylow 
r-subgroup of G and x +! R, . We conclude that r = 2 and 1 D / = yB = 4. 
Now suppose that r does not divide s. In this case, D/Z(M) acts fixed-point- 
freely on H/Z(M). In fact, otherwise there would exist a subgroup U of M 
with cyclic factor group U/Z(M) such that H n U f Z(M) # D n iJ. 
Hence U would be Abelian contradicting the fact that M is an d&‘-group. 
Thus, M/Z(M) is a Frobenius group with kernel H/Z(M). We have shown 
(3.9) I f  n/r satisfies (3.3b), thmz I D 1 = 4 or (3.3~) holds for M. 
We finally handle the case that M satisfies (3.3c), i.e. that M/Z(M) is a 
Frobenius group with kernel H/Z(M) and 1 H : Z(M)/ = s. It is easily seen 
that in this case all Sylow subgroups of G are Abelian. Therefore, we could 
apply theorems of Walter (resp., Gorenstein) on groups with Abelian Sylow 
subgroups (and solvable centralizers of involutions) and find G N PSL(2, p”) 
by inspecting the list of groups with this property (using (3.12), which we 
could prove without knowing that ] D / = 4). We prefer, however, to give 
the following elementary counting argument and to avoid using the deep 
theorems of Gorenstein or Walter here. 
By (3.7), Mis a Hall subgroup of G and hence N,(M) = fig. U, M h U = 1. 
If 1 # x E M, we have x E C,(X) n M and by Lemma 2b, C,(X) is contained 
in a maximal centralizer of type II. By (3.6) and (3.7), C,(X) n U = 1, and 
so U acts fixed-point-freely on M. Since M is not nilpotent, we conclude 
that U = 1 [l, Hauptsatz 8.14, p. SOS], i.e., N,(M) = M. Now (3.6) and 
Lemma 2 imply 
/ G / = , fig / h?” + ‘)?“(P” - ‘> 
8S 
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On the other hand, since M/Z(M) . is a Frobenius group with complement 
D/Z(M), every maximal Abelian subgroup of type III of ii/r is conjugate to D. 
Hence all maximal Abelian subgroups of type III are conjugate and Lemma 4 
implies 
(1) and (2) yield 3 j M / = s j N,(D)1 and since i nl : D 1 = s, we get 
1 N,(D) : D / = 3. (3) 
Now let / G 1 = g, 1 D 1 = n, 1 M : H / == i D : Z(A,lj[ =: e, and suppose 
d > 16. We count the elements of G and want to derive a contradiction from 
the assumption d > 16. Certainly, every element of G is contained in a 
maximal Abelian subgroup of G. Any two maximal Abelian subgroups of 
type II are conjugate and intersect trivially. By (3.2), N,(H) = NG(M) and 
since X&M) = A[, there are (/ H ( - 1) j G : M 1 = g/e - g/ds elements # 1 
contained in the union of the maximal Abelian subgroups of type II. In D 
we have d - 1 elements # 1, of which 3(j Z(M)i - 1) are contained in 
maximal -4belian subgroups of type II. Since any two maximal Abelian 
subgroups of type III are conjugate and since their intersection is contained 
in a maximal Abelian subgroup of type II (Lemma 4b), we get 
(d - 3 1 Z(Af)l + 2) 1 G : Ai,( 
new elements # 1 in these maximal Abelian subgroups of type III. Hence, 
if a is the number of elements f  1 contained in the union of the maximal 
Abelian subgroups of type II and III, we get, using (3), 
Now d > 16 implies a < g/3 + 2g/3d < g/3 $- g/24, and s > 2 yields 
62 > g/3 f 2g/3d - g/2d > g/3. Hence 
g g -<a<~+jj. 
3 
Wenow count theelements contained in maximalAbelian subgroups of typeI. 
Since M is a Hall subgroup of G and since j G : A4 1 = (p” + l)p”(pO - 1)/E& 
there is a maximal Abelian subgroup C of type I of G containing p-elements. 
By (3.4j, C contains’s Sylow p-subgroup of G. Let b be the number of ele- 
ments f  1 in the union of those maximal Abelian subgroups of type I of G 
which are not conjugate to C. If  lJ is such a subgroup, then by (3.7) and (I), 
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1 U j divides (p” + l)(p” - 1)/8x. By Lemma 4a, the number of such 
subgroups is at most (2s + 1)p”. Hence 
b < 
i 
(P” + l)(P’” - 1) 
1) (2s + 1)P’” < 
(p” + l)p”(p” - 1) 
- 8s 4 
By (2) and (3), b < 2g/d and since d 3 16, we have 
b<-$ (5) 
Now (4) and (5) imply that th e number of elements of G not contained in 
uzEG Cx is less than g/2. Therefore, 
1, I tJGCX =(lCl- l)lG:N,(C)I+l >+, 
whence No(C) = C. But then 
I I UP =g-lG:Cl+l<g-5, (by (4)) EC 
and, therefore, j C I < 3. But p” 3 7 divides j C [. This contradiction shows 
that d < 16. 
Since I Z(M)/ divides / D : Z(M)1 and M/Z(M) is a Frobenius group with 
complement D/Z(M), D is a Hall subgroup of M. By (3.7), D is a Hall sub- 
group of G, and hence (3) implies that d is not divisible by 3. Together with 
1 Z(M)\” dividing d and d < 16, this yields d = 8 or d = 4. By (3) and 
Co(D) = D, D has an automorphism of order 3. Hence d = 4 as desired. 
By (3.8) and (3.9), we have that / D 1 = 4 and 1 M : D 1 = s in any case. 
Since D contains three minimal centralizers of G, D is elementary. We have 
shown 
(3.10) Every maximal Abelian subgroup of type III is elementary of order 4. 
If  M is a maximal centralkm of type II, then 1 M 1 = 4s. 
Hence I Z(M)1 = 2 and, therefore, N,(M) < Co(Z(M)) = M, i.e., 
N,(M) = M. Using (3.6), (3.10), and Lemma 2, we find 
(3.11) 1(-Y, = (P” + ‘)P”(P” - ‘> 
2 
We claim that the set ‘$ of all maximal Abelian subgroups of type I or II 
is a normal, Abelian partition of G. In fact, if U, V E ‘$3, U n V = 1 as U” 
and Vu are components of a partition of L. On the other hand, every element 
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x E G is contained in a maximal Abelian subgroup -;1 of G. If  -II is of type I 
or II, we are done. So suppose A is of type III. Then A is elemental-y of 
order 4 and x is contained in one of the three minimal centralizers contained 
in A, and, therefore, is also contained in a maximal Abelian subgroup of 
type II. We conclude that ‘$3 is a partition of G which is clearly normal and 
Abelian. Hence 
(3.12) G possesses a normal, Abelian partition. 
Ke finally argue that the maximal solvable normal subgroup of G is 
trivial. Suppose not and let N be a minimal solvable normal subgroup of G. 
Then 1 + N < C,(N) 4 G. By (3.6), and since p’” > 7, C,(N) is not 
contained in a maximal centralizer of type II of G. Hence C,(N) is a maximal 
centralizer of type I. I f  D is a maximal Abelian subgroup of type III of G? 
D operates fixed-point-freely on C&V), since D n C,(N) = 1 and C,(X) = 
Co(N) for every 1 f  x E C,(N). This contradicts the fact that D is elementary. 
We have shown that 
(3.13) There is no nontrivial solvable norm.al subgroup in G. 
In particular, G is not solvable. Since G has a normal partition, a theorem 
of Suzuki [3] yields that G is either a Frobenius group, or isomorphic to 
PGL(2, q”), PSL(2, q”), or SZ(~‘~), q a prime. By (3.13) and [l, Hauptsatz 8.7, 
pi 4991 (or simply by [2, Lemma 5.5]), G . is not a Frobenius group. Since 3 
divides j G j, G is not isomorphic to S.Z(~“). Hence G is isomorphic to 
PGL(2, 4”‘) or PSL(2,q”). Since 1 G ) = (p* + l)p”(p” - 1)/2, we conclude 
that G ‘v PSL(2,p”). 
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